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It is shown that if h 1 ,..., A, are non-zero real numbers, not all of the same 
sign, and at least one of the ratios X,/X, (1 < i < j < 3) is irrational then the 
values taken by hl~12 + X2xz2 + h,x,* + X.,X,~ + A,x,~ for integer values of 
x1 ,..., x0 are everywhere dense on the real line. Similar results are proved for the 
polynomials h,xla + Azxae + X,X,~ + ... + h,xs3 and &xLa + h,xa2 + X,x,3 + 
A4xaS + &.xg4 i- &X,4. 
1. INTRODUCTION 
Let 
be an indefinite quadratic form with real coefficients. Davenport and 
Heilbronn [2] showed that if the ratios hi/X, are not all rational then for any 
E > 0 the inequality 
has infinitely many solutions in positive integers x1 ,..., x5 . Watson [7] proved 
a similar result for indefinite quadratic forms in five variables containing one 
cross-product. Here we shall apply Watson’s method to additive poly- 
nomials with mixed powers. The first two theorems complement our recent 
results [l]. 
THEOREM 1. Let A, ,..., A, be non-zero real numbers, not all of the same 
sign, and such that at least one of the ratios X,/X, (1 < i, j < 3) is irrational. 
Then for any real number TV and any E > 0 the inequal@ 
j &Xl2 + &X22 + &x32 + h,Xa3 + x,xs3 i p j < e 
has infinitely many solutions in positive integers x1 ,..., x5 . 
49 
0022-314X/79/010049-20$02.00/0 
Copyright Q 1979 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
50 R. J. COOK 
THEOREM 2. Let X 1 ,..., A, be non-zero real numbers, not all of the same 
sign, such that &/A, is irrational. Then for any real number JL and any E > 0 
the inequality 
Ih,x,3+~,x23+X,X33+...+~3X33+~. -=cE (2) 
has injinitely many solutions in positive integers x1 ,..., x6 . 
In 1948 Roth I.51 proved that almost all positive integers may be represented 
as the sum of a square, a cube and a fourth power of positive integers. It 
follows from Dirichlet’s box principle that every sufficiently large positive 
integer may be represented as the sum of two squares, two cubes and two 
fourth powers of positive integers. Vaughan [6] obtained an asymptotic 
formula for the number of representations. 
THEOREM 3. Let A 1 ,..., A, be non-zero real numbers, not all of the same 
sign, such that AI/A2 is irrational. Then for any real number t.~ and any E > 0 the 
inequality 
1 &Xl2 + h,X,2 + x3x33 + X4Xd3 + &x,4 + &G4 + p I < E (3) 
has infinitely many solutions in positive integers x1 ,..., x6 . 
2. NOTATION AND PRELIMINARIES 
It is sufficient to prove each result with E = 1 since the general case then 
follows on replacing the X,‘s and p by &JE and P/E. Let k be a positive integer, 
we write e(z) for exp(2riz) and take 
y”(a) = 9(a; Q, k) = E e(olxk) 
X=Q 
and 
*(a) = %(a; Q, k) = l:o e(c@) de 
= k-1 ,-(2p)k ~-l+ll’“e(q) dv 
Ok 
(4) 
(5) 
(6) 
and put 
K(a) = (sin 77c&~01)~. 
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Let P be a large positive number and take 
S(a) = Y(a;P0,2), zz(a) = c@(a;P6, 3, 
T(n) = Y(cx; PQ, 3), Z(a) = 2iqa; Pa, 3), 
u(n) = .Y(a; P3, 4) and J(a) = SP(ol; P3, 4). 
LEMMA I. For any real number q 
J c4 e(q) K(a) dN = max(O, 1 - I V) I). -m 
This is Lemma 4 of Davenport and Heilbronn [2]. 
Let N,(P) be the number of solutions of the inequality 
(7) 
(8) 
(9) 
I &Xl2 + x2x22 + x3x32 + hx,3 + &J53 + p I -=c 1 (11) 
in integers x1 ,..., x5 satisfying 
and 
P6 < xi < 2P6 for i = 1,2,3 
We take 
P4 < Xi < 2P4 for i = 4, 5. 
then on rearranging integration and summation it follows from Lemma 1 that 
JM’) >, s” Vi(a) e(y) K(a) dor. 
-02 
(13) 
We take h = 4 min ] Ai 1 , choose a small positive number 6 and divide the 
range of integration into five parts: 
and 
1 a j < P--9--6, 
P-9-S < 1 01 j < A-lP-6, 
A-lP-6 < ) 01 1 < P-6, 
P-S < I 01 I < P”, 
I 01 I 3 P”, 
(14) 
(15) 
(16) 
(17) 
(18) 
which make contributions C, ,..., C, respectiveIy to the integral. 
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We shall show that there exists a positive constant y such that 
Cl 9 yP14 (19) 
and 
Ci = o(P1*) for i = 2,..., 5 (20) 
as P -+ co through a suitable sequence of values. 
We use Vinogradov’s <-notation, where X< Y means that I X I < CY 
for some C which is independent of P. In the proof of Theorem 1 we may 
assume that Al/A2 is irrational. 
3. THE MAIN TERM FOR THEOREM 1 
LEMMA 2. If (Y < Ql-l-“for some constant 7 > 0 then 
CYyLY.) - if(a) -g 1. 
This is the Corollary to Lemma 4 of Davenport and Roth [3]. 
We take 
W&x) = II(h,a) H&a) H(h,ol) I(h,Lx) I&a). 
For a <<P-8--46 we have e(ap) = 1 + O(P-s-9 so 
Vi(a) e(ap) - Wl(or) < Paz. 
Since K(E) < 1, integrating over the interval 1 LY. 1< P-9-6 we have 
1 Vi(a) e(y) K(a) da = f W,(a) K(a) doL 4 O(P13-6). 
LEMMA 3. Ifa #Othen 
.%?(a) < ( a I--l’k 
Proof. 
&‘(a) = k-l /‘““” q-l+llke(q) dq 
d 
(21) 
(22) 
(23) 
(24) 
= k-1 1 o1 J-l/k 
s 
'""zp'k T-l+l/ke(&?7)d77 
l@l ok 
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We now integrate WI(u) K(a) over the range j 01 i > p-9-s and see that 
j- w;(a) K(a) da Q fm a-13/6 du = O(Pl’). (25) p-9-8 
Combining (23) and (25) we have 
j- T/l(a) e(q-4 K(a) dol = jm WI(~) K(a) dot + O(P13-6), 
-m (26) 
where the left-hand integral is over / 01 1 < Pg-%. 
LEMMA 4. There exists Q positive constant y such that 
I 
co W,(a) K(a) dol 3 yP” 
--‘x 
for all sufficiently large P. 
Proof. From Lemma 1 we have 
where 
The lemma now follows by straightforward integration. 
Combining (26) and Lemma 4 we have 
Cl >, yP14 as P -+ co. (27) 
4. REDUCTION TO A FINITE INTEGRAL 
LEMMA 5. Let 
where f is any real function and the summation is over anyjnite set of integer 
points x. Then for any A > 4 we have 
I , oi 
,>A I F(or)Y K(a) da < ; Ima I F(412 K(a) da. 
co 
This is Lemma 2 of Davenport and Roth [3]. 
(28) 
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LEMMA 6. For any E > 0 
s m ( 9’(a)~2”K(a) da Q Q2”--n+f for n = I,..., k. (29) -co 
This is Hua’s mean-value theorem [4], see also Lemma 8 of Davenport 
and Heilbronn [2] or Lemma 7 of Davenport and Roth [3]. 
LEMMA 7. Integrating over [ 011 >, P8 we have 
c5 d l I Vi(a) e(ap)I K(a) dol < P14+E-8. (30) 
Proof. Since 1 e(ap)l < 1, 
1 I Vl(4 e(q4I K(a) da ,< i i j I S3(W T2(b)I K(a) da. 
i=lj=4 
We estimate each of the terms on the right by applying Htilder’s inequality, 
Lemma 5 and Lemma 6 to give 
<p 3 
14-i-s-8 
and so C, = o(P14) as P --f co. 
5. THE CONTRIBUTIONS C, AND C, 
LEMMA 8. If 01= O(P-6) and a: # 0 then 
S(a) << 1 a I--f--E. 
This is essentially Lemma 7 of Davenport and Heilbronn [2]. 
LEMMA 9. As P-, co, C, = o(P12). 
(30 
(32) 
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Proof. Integrating over P-g--6 < 1 OL / < h-1P-6 we have 
c2 G I I vl(4 4q-a a4 da 
< 2 ; 1 1 S3(hp) T2(hjc+ K(ol)dx. (33) 
i=l j=4 
Since K(a) = O(l), each term on the right can be estimated using Holder’s 
inequality, Lemma 7 and Lemma 8 to give 
< p47/4+6+166 = o(p12)m 
(34) 
LEMMA 10. For any E > 0 
I 
I S(X,ci)l” dol Q P=‘+E-~ for i = 1,2,3, (35) 
where the integral is over X-1P-6 < I 01 j < P-8. 
This is essentially Lemma IO of Watson [7], with some changes of notation. 
LEMMA 11. For any E > 0, 
C3 = O(p14+28-36f4) as P + co. (36) 
Proof. Integrating over X-1P-6 < j (Y I < P-” we obtain (33) and (34) 
(over the new range of integration) in precisely the same way as before and 
then use Lemma 10 to estimate the first integral on the right-hand side of (34). 
6. THE FAREY DISSECTION 
For r = 1, 2,3 let aJq, be the last convergent with denominator not 
exceeding P6 to the continued fraction for h,ol. Then 
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where 
(38) 
Let M&z,. , q+) denote the interval of values of a for which a, and qr take 
given values. 
LEMMA 12. For r = 1,2,3, any real number p and any E > 0, 
(i) f:” 1 S&x)1* dol < P12+s, (39) 
and 
@) La<,+1 1 S(h,.a)14 dol < P12+~-6 W) 
where the accent denotes the omission of those parts of the interval for which 
I /3,. I < Ps-la. Further 
(iii) The estimate (40) remains valid for r = 1 if the accent is taken to 
denote the exclusion of intervals on which 
qI < P8q2 or I p2 I > Ps-12. 
(iv) The result (iii) still holds tf the suffices 1 and 2 are interchanged. 
This is essentially a:combination of Lemmas 9 and 11 of Watson [7]. 
LEMMA 13. If h,ol = ar/q7 + /3r where (ar , q,.) = I and j3, 
then for any E > 0, 
S(A,ci) < q;*+‘Pa + qpa+,. 
= o(q;lP-6) 
(41) 
This is essentially Lemma 6 of Davenport and Heilbronn [2]. 
We take E to be the set of 01 in the range 
P-6 < 1 LY 1 < P” 
which do not satisfy all of inequalities 
41 -=c w2 3 42 < Pdql, 
[pTl dP”-12forr= 1,2,3, 
and 
q1 < PQS8. 
(42) 
(43) 
WI 
(45) 
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LEMMA 14. 
s / V,(a) e ap).>i K(a) da = o(P’“) as P-+02. (46) E 
Proof. Let El be the subset of E on which at least one of the inequalities 
(44) fails to hold. By Holder’s inequality 
Let El, be the subset of El for which (44) fails with r = 1. Using part (ii) of 
Lemma 12 and the estimate 
K(a) < min( 1, a-“) 
we have 
I 1 S(X1a)14 K(a) dor < P12’-E--6. El1 
It now follows from Lemma 6 that 
i 
1 Vi(a) e(q)1 K(a) dor < P14+2c--6/4 = o(P14). 
El1 
The subsets E,, and El3 of El, for which (44) fails with r = 2 and r = 3 
respectively, are treated in the same way and so 
s E, I V;(N) 44l KC4 da= o(P13 as P-+co. (47) 
Let E2 be the subset of E for which the inequalities (44) all hold but at 
least one of the inequalities (43) fails to hold. A similar argument, using 
parts (iii) and (iv) of Lemma 12, shows that 
s 1 Vi(a) e(ap)l K(a) dol = o(P14) as P-+00. (48) ES 
We now consider the subset E3 of E for which (45) fails, then Lemma 13 
shows that on E, 
S(A,a) < P4+E-o. 
58 R. J. COOK 
Hence, using Lemma 6, 
< p14+c-a = o(P’4) as P-00. (49) 
The lemma now follows from (47), (48) and (49). 
7. THE RESIDUAL INTEGRAL 
It is now sufficient to show that the contribution to the integral coming 
from the set F of those 01 satisfying (42)-(45) is o(P14) as P + co through a 
suitable sequence. 
LEMMA 15. Let a/q be any convergent to the continued fraction for 8. Then 
the inequality 
I e - a/q I -C 1/4qQ9 (50) 
in which A, Q denote integers, not necessarily coprime, and Q is positive, is not 
so Iuble 
(i) for two dij$erent A and the same Q, 
(ii) for any Q < q, or 
(iii) for any t wo I eren vu ues of Q dyfering by less than q. dyf t I 
This is Lemma 2 of Watson [7]. 
LEMMA 16. Forr=l,2or3,ifa!~M,.(a,,q,.)then 
1 S(h,a)l” Q P24+cq;? (51) 
This is essentially equation (7.1) of Watson [7]. 
For the rest of this section P ---f co through the sequence of values 
p = [q;ww] (52) 
where a,/q, runs through the convergents to the continued fraction for the 
irrational number X,/X, . 
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LEMMA 17. As P -+ CO through the sequence described above 
f I S(X,n) S(X2a)12 dn < Ps+156. F 
Proqfi We have 
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(53) 
and 
Ala = al/q1 + P1 
From (42)-(45) we see that a, , a, are non-zero and a,qJa,q, is bounded. 
Therefore 
as 
KhP2) - w21a2ql I = I 9da2& - w2P2Ya29da2 + q2P2)! 
Q q2(l P1 I + I P2 D/a, 
< P26-12, (54) 
a, < P6qg, and q,. < PBa, for r = 1,2, 3. (55) 
Let Q = / a,q, I and A = fa,q, then 
Q = a2ql < P6q,q, < Pzsq12 < Pa -66. 
From (52) and (54) we see that for large P, 
I@,/U - A/Q I < P28-12 < l/‘hQ. (56) 
From (43) and (55) we have 
q,l < p”Q-” for r==1.2 
and so, from Lemma 16, 
[ S(X,a)14 < P24+38Q-1 for r := 1,2. (57) 
Applying Lemma 15 with 8 = &IX, and a/q = a,/q, we see that the in- 
equality 
Rqo<Q <CR+ l)q, 
has no solution for R = 0, and at most one for each of R = 1,2,..., with a 
unique A for each Q. Since A and Q are non-zero integers bounded by a power 
of P they factorize in O(P6) ways to give O(Pf) sets of values a, , q1 , a2 , q? . 
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Each of the corresponding subintervals of F is of length O(P6-12) and (57) is 
satisfied on each of them. Thus the contribution of each R to the integral is 
Q PC . J-W-12 . p24+36Q-1 
Q p12i56g-1R-1 < pS+l4SR-1. 
Since R is bounded by a power of P the result now follows on summing over 
R = 1, 2, 3 ,... as CR-l Q P8. 
LEMMA 18. As P 4 co through the sequence described above 
i 
j Vi(a) e(q)1 K(B) dol = o(P14). 
F 
(58) 
The first term of the product is estimated by Lemma 17 and the other terms 
are estimated by Lemma 6 to give 
J 1 V,(a) e(olp)I K(a) dor Q P12+3C+156/2 = o(P14). F 
Lemmas 14 and 18 show that C, = o(P14) as P -+ co through this sequence 
of values and so the proof of Theorem 1 is complete. 
8. PROOF OF THEOREM 2 
Let N,(P) be the number of solutions of the inequality 
in integers x1 ,..., x, satisfying 
and 
pg <xi <2P6fori= 1,2 
p4 < xi < 2~” for i = 3,4, 5, 6. 
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(60) 
where 
V,(a) = S(A,a) S(X2a) ?-@,a) T(X,a) T(X,ol) T(A@). 
We divide the real line up into the same ranges (14)--(18) and take 
Wg(cd) = H(X1a) H(h,a) Z(A,cY.) Z(X,cd) Z(h,m) Z(A,o!). 
(61) 
(62) 
LEMMA 19. There exists a positive constant yz such that 
I v2(4 e(w) K(a) da > y2P16 (63) 
for all sufficiently large P, where the integral is taken over the range \ 01 / < 
p-9-s 
Proof. Integrating over / 01 1 < P-g-s we obtain 
1 V2(a) e(ap) K(a) do! = 1 W2(oc) K(B) da + o(P16) 
as in (23). Also, as in Lemma 4 
I m W,(a) K(a) doL > yzP16. --co 
Finally, from Lemma 3, 
LEMMA 20. For any E > 0 
s / V,(a) e(olp))i K(a) dol Q P16+E-fi 
where the integral is over / OL ! 3 Pa. 
Proof. We have 
(64) 
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and, from Cauchy’s inequality and Lemmas 5 and 6, 
s ( S2(Aia) T4(h,a)( K(a) da 
Q p16+56-6. 
LEMMA 21. Integrating over P-s-s < ) cy. 1 < P-s we have 
s j V2(cx) e(cxp)l K(a) da = o(P16) as P+co. (66) 
Proof. We use (65), where the integral is taken over P-s-s < 1 01 1 < 
P-6. In the range P-s-s < I CII I < h-1P-6 (where h = 4 min I hi I) we use 
Lemma 8 to estimate S(&). From Cauchy’s inequality and Lemma 6 we 
have 
I 
1 S2(hp) T4(hja)l K(a) da 
< f, 1 S(Aia)14 K(a) dall”{/l I T(Ap# K(a) d$” 
In the range h-1P-6 < 1 011 < Pe8 we use Cauchy’s inequality and Lemmas 6 
and 10 to give 
s 
1 S2(hp) T4(hjcx)/ K(a) dol 
<‘p 3 16+3c--612 
which completes the proof of the Lemma. 
LEMMA 22. Let P + CO through the sequence of values for which qO = 
P4-96 is the denominator of a convergent to the continued fraction for the 
irrational number X,/X, . Then 
s I v22(4 44 K(a) da=o(P9, (67) 
where the integral is over PW6 < I OL j ,( P6. 
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Proof. As in the proof of Theorem 1 we divide the range of integration 
into two parts, the set F of cx satisfying (42)-(45), where now we only consider 
the cases r = 1 and r = 2 in (44), and the set E of 01 satisfying (42) but not 
all of (43)-(45). By Holder’s inequality 
The last integral is estimated by Lemma 6. As in Lemma 14, it follows from 
part (ii) of Lemma 12 that one of the first two integrals is O(P12+‘-s), provided 
that one of the inequalities (44) fails to hold. Thus, in the notation 
of Lemma 14, 
s 
1 V,(a) e(olp)/ K(a) da < P16+r-6;4. 
El 
Similarly, from part (iii) of Lemma 12, 
s E, I l/z(a) e(q)\ K(a) dcx < P16+F-6/4. 
By Lemmas 6 and 13, the final contribution from E is 
Using Lemmas 6 and 17 we see that 
f p I v2(4 4~,4l K(a) da 
<p 9 
14+156/2+c 
and this completes the proof of Theorem 2. 
64’/“/‘-5 
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9. PROOF OF THEOREM 3 
Let N,(P) denote the number of solutions of the inequality 
I &Xl2 + A2x22 + &x33 + hx43 + &X,4 + &Xe4 + p I < 1 
in integers x, ,..., x, satisfying 
P6<xj <2P6,i= 1,2, 
P4 < xi ,< 2P4, i = 3,4, 
and 
Then 
P3 < xi < 2Pa, i = 5,6. 
where 
V3(a) = S(A,a) S(A,a) T(h,a) T(h,cd) U(A,a) U()c,or). 
We divide the real line up into the ranges defined by (14)-(18) and take 
W3(ol) = H&a) f&Y) I(h3LY) I(A401) J(&cx) Jo(@). 
(68) 
(69) 
(70) 
(71) 
(72) 
(73) 
(74) 
LEMMA 23. There exists a positive constant y3 such that for all sufJiently 
large P, 
s v3(4 e(v) KG> da b y3P14, (75) 
where the integral is taken over I (Y 1 d PAeVa. 
This may be proved in the same way as Lemma 19. 
LEMMA 24. Let h and p be non-zero real numbers. The number of solutions 
of the inequality 
1 X(x - X’S) + p(y4 + 24 - y’4 - 2’4)j < 1 
in integers x, x’, y, y’, z and z’ satisfying 
P6 < x, xl < 2P= 
P3 < y, y’, z, ZI < 2P3 
is O(P12+e) for any E > 0. 
(76) 
(77) 
(78) 
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Proof: We divide the solutions into two classes. 
(i) If 
1 X(x2 - x’2)] < 3 
then for any particular x the number of possible values of x’ is O(1). Also 
/ I*( y* + z4 - y’4 - zf4)1 < 4. (79 
For given values of y and z the number of possible values of y’ and z’ satis- 
fying (79) is O(Pc). Hence, for any given values of x, y and z we see that there 
are O(P’) possible values of x’, y’ and z’ so the number of solutions in this 
class is O(P12+6). 
(ii) If 
1 X(x2 - x’2)l > 3 W 
then for any given values of y, y’, z and z’ let 
m  = y4 + 24 - y'4 - 2’4. 
Then, for any solution of (76) 
1 h(x2 - x’2) + pm j < 1 
and so, from (77), (78) and (80), 
2 < ) pm j < P12. 
Thus x2 - Y2 is a non-zero integer, n say, which is O(P12). For each n the 
number of choices for x and x’ is O(P) = O(P123. Also, for given values of 
y, z, y’ and z’ there are O(1) possible values for n so the number of solutions 
in this class is O(P 12+12E), and E is an arbitrary positive number. 
LEMMA 25. For any E > 0 
I m j S(X,a) U&CL) U(h,a)12 K(a) da Q P12+< for i = 1,2. (81) --m 
Proof. By Cauchy’s inequality 
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and each of the integrals on the right is equal to the number of solutions of 
inequalities similar to those occurring in Lemma 24. 
LEMMA 26. For any E > 0 
where the integral is over 1 01 1 > P”. 
Proof. By Holder’s inequality, and integrating over 1 01 1 > P8, 
as I e(ap)I < 1. We apply Lemma 5 to each integral, then estimate the first 
integral by Lemma 25 and the others by Lemma 6 to give (82), since E is an 
arbitrary positive number. 
LEMMA 27. Integrating over the range P-e-s < ( 011 < PA6 we have 
I ,I V3(a) e(q)/ K(a) dor = o(Px4) 
as P-+00. (83) 
Proof. The integral is majorised by a sum of terms 
J‘ 
1 S2(Apol) P(Ap) U2(hka)l K(a) de 
and applying Holder’s inequality to each term we have 
s 
1 S2(Xia) T2(Aja) U2(X,a)l K(a) dcx 
* ]j- I S&a)14 K(a) dcjl”. 
The first two integrals are estimated using Lemmas 25 and 6 respectively. 
Over the range P-s--6 < I OL I < b-1P-e (where X = 4 mm I Xi I) Lemma 8 
gives 
DIOPHANTINE INEQUALITIES 67 
and over the range X-lP6 < j E / < P-” Lemma 10 gives 
s 1 S(Xia)14 K(a) dol < P12++ 
Combining these estimates we obtain (83). 
LEMMA 28. Let P--f CO through the sequence of values for which qO = 
P4-ga is the denominator of a convergent to the continued fraction ,for the 
irrational number X,/X, . Then 
s 
I V3(u) e(olp)I K(a) da = o(P14) (84 
where the integral is over P-” < 1 01 1 < P”. 
Proof. We divide the range of integration into the same sets E and F as in 
Lemma 22. Then, using Lemmas 17, 6 and 25, we have 
Integrating over the subset E,, of E on which (44) fails with r = 1 we have 
.r ! V3(%) e(ap)l K(a) dol El1 
As in Lemma 14 the last integral is U(P12++*) and so, by Lemmas 6 and 25, 
s I V,(a) e(ap)l K(a) da = o(P14) El1 (86) 
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and the subset El* is treated in the same way. A similar argument, using 
part (iii) of Lemma 12, shows that 
s 1 Vs(ol) e(ap)l K(a) dol = o(P’*) (87) ES 
where E2 is the subset of E on which one of the inequalities (43) fails to hold. 
Finally we estimate the contribution of E3 using Lemmas 13,6 and 25, 
< p1*++3 = o(P’“). 63) 
The lemma now follows from (85)-(88) and this completes the proof of 
Theorem 3. 
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